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Exact Vibration Solutions for Nonuniform
Timoshenko Beams with Attachments
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The exact solution for the free vibration of a symmetric nonuniform Timoshenko beam with tip mass at one
end and elastically restrained at the other end of the beam is derived. The two coupled governing characteristic
differential equations are reduced into one complete fourth-order ordinary differential equation with variable
coefficients in the angle of rotation due to bending. The frequency equation is derived in terms of the four
normalized fundamental solutions of the differential equation. It can be shown that, if the coefficients of the
reduced differential equation can be expressed in polynomial form, the exact fundamental solutions can be
found by the method of Frobenius. Finally, several limiting cases are studied and the results are compared with

those in the existing literature.

Nomenclature
A(x) = cross-sectional area of the beam
E(x) = Young’s modulus of beam material
G(x) = shear modulus of beam material
I(x) = area moment inertia of the beam
J(x) = mass moment of inertia of the beam per unit length
I = rotatory inertia attached at the right end of the

beam
Kr, Ky = translational and rotational spring constants at the
left end of the beam, respectively

L = length of the beam

M = concentrated mass attached at the right end of the
beam

M, = total mass of the beam

m(x) = mass of the beam per unit length

Q(x) = beam shear rigidity, «G(x)A (x)

q(é®) = dimensionless shear rigidity, Q(£)/Q(0)

R(x) = beam bending rigidity, E(x)I(x)

r¢ = dimensionless bending rigidity, R (£)/R(0)

s(¢) = dimensionless mass, m(£)/m(0)

v(¥) = dimensionless mass moment inertia, J(£)/J(0)

X = length variable of the beam

Y = beam lateral displacement

y = dimensionless lateral displacement, Y/L

o = dimensionless rotatory inertia of the attached mass,
Jn/[m(0)L3]

Br, By = dimensionless translational and rotational spring
constants, respectively, K+L3/R(0), KoL /R (0)

¥ = dimensionless concentrated mass, M /[m(0)L]

& = dimensionless ratio of bending rigidity to shear
rigidity at x = 0, R(0)/[Q(0)L?]

] = dimensionless ratio of mass moment inertia to mass
at x =0, J(0)/[m(0)L%]

K = shear correction factor of the beam

A = taper ratio of the beam

© = dimensionless ratio of attached mass to total mass
of the beam, M/M,

¢ = dimensionless distance to the left end of the beam,

x/L
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w = angular frequency of beam vibration
L4 = angle of rotation due to bending
02 = dimensionless frequency, m (0)w?L*/R (0)

Introduction

ONUNIFORM beams are widely used in many structural

applications in order to optimize the distribution of
weight and strength and sometimes to satisfy special architec-
tural and functional requirements. Therefore, the analysis of
nonuniform beams is of interest to many mechanical, aero-
nautical, and civil engineers.

It is a standard engineering practice to analyze beams of
uniform or variable properties on the basis of Bernoulli-Euler
beam theory. However, if the effect of shear distortion and
rotatory inertia is considered, then a higher-order beam theory
(Timoshenko beam theory) is required. Based on Bernoulli-
Euler beam theory, the analysis of nonuniform beams has
been studied by many authors via many different methods. A
brief review of the work can be found in the work recently
done by Lee and Kuo.!? They made the static and dynamic
analysis of a general elastically restrained nonuniform Bernoulli-
Euler beam. The exact solution for the problem governed by a
general self-adjoint fourth-order ordinary differential equa-
tion with arbitrarily polynomial varying coefficients were
derived in Green’s function form and concisely expressed in
terms of the four normalized fundamental solutions of the
system. Exact stiffness matrices for the analysis of non-
uniform Bernoulli-Euler beams were developed by Karabalis
and Beskos.?

For Timoshenko beams the governing characteristic dif-
ferential equations are two coupled differential equations
expressed in terms of two dependent variables: the flexural
displacement and the angle of rotation due to bending. It is
well known that, if a beam is uniform, then the two coupled
differential equations can be uncoupled into two complete
fourth-order ordinary differential equations in the flexural
displacement and the angle of rotation due to bending.*’
However, this is not the case for nonuniform beams. Conse-
quently, exact solutions for the problems were never given,
and the problems were mainly studied by approximate methods
such as the finite element method,’ the optimized Rayleigh-
Ritz method,” and the transfer matrix method.?

In this paper the exact solution for the free vibration of a
symmetric nonuniform Timoshenko beam with tip mass at
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one end and elastically restrained at the other end of the beam
is derived. The two coupled governing characteristic differen-
tial equations are reduced into one complete fourth-order
ordinary differential equation with variable coefficients in the
angle of rotation due to bending. The frequency equation is
derived in terms of the four normalized fundamental solutions
of the characteristic differential equation. It can be shown
that, if the coefficients of the reduced differential equation are
in polynomial form, then the exact fundamental solutions can
be obtained by the method of Frobenius. The limiting cases
such as uniform Timoshenko beams, nonuniform Rayleigh
beams, and Bernoulli-Euler beams are also examined. Finally,
several examples are given to illustrate the validity and accu-
racy of the analysis.

Analysis
Nonuniform Timoshenko Beams
Consider the free vibration of a symmetric nonuniform
Timoshenko beam with tip mass at one end and elastically
restrained at the other end of the beam (see Fig. 1). For time
harmonic vibration with angular frequency w, the dimension-
less governing characteristic differential equations of motion

are
d dy 2
ds[ (ds W)]”Qy‘o @
d(,a¥\ g (dy 2y =
d£<rd£>+ <dE \Il>+vnQ‘I/-0, £Ee(0,1) (2)
and the following associated boundary conditions:
At £=0:
1(dy_
Bry = (d’é ‘I’> (3)
d¥
Be¥ = a @
Att=1:
av
2 -
aP¥ = r dE )
0y 9 (Y _ )
vQ <d£ ¥ 6)

Differentiating Eq. (2) and then combining it with Eq. (1),
one obtains the following relation between the dimensionless
flexural displacement and the angle of rotation due to bending:

1 a2 dv
=— |- +— (vQ2¥ 7
S [dsz < dE) ag 7 )] @
Substituting the aforementioned relation back into Eq. (2),
one obtains the governing characteristic differential equation
of motion, which is a fourth-order ordinary differential equa-

tion with variable coefficients, in terms of the angle of rota-
tion due to bending:

d 1 d2 dv¥
r {? [E < as> Y ‘”""””B
d dv
+65§< dg) (6vnﬂ2—q)\lf 0, tEe@©, 1) (8)

The associated dimensionless boundary conditions become
at £ =0:

B Y T I FYAT .
[d52< d&)*dz vy ‘I"] [ds< ds)”””

®

Ks

Kr
x

= L

¥

Fig. 1 Nonuniform beam system.

bov =5 10
At é=1:
dv
oy =r an
ol I AT SN [g<g¥> ]
s[d?( ds>+dz(”"”)]‘ ag \"ag) T
(12)

Uniform Timoshenko Beams
For uniform Timoshenko beams, g =r =s =v =1. The
governing characteristic differential equation (8) is reduced to
4.

ey
& — (= 02+ ndQY¥ =0 (13)

3

By differentiating Egs. (1) and (7) with respect to dimen-
sionless spatial variable £ twice, one has

2
+ 0 +0) s

d3‘I, d4 592 d_zy

d£3 ds“ + ag? (14)
dzy 1 [d5¥ v
(e o

Upon differentiating Eq. (13) once and substituting Eqs.
(1), (14) and (15) into it, one can express the governing charac-
teristic differential equation in terms of the dimensionless
flexural displacement, which is exactly the same as the one
given by Huang*:

dy
4+9(n+5)d

o S+ (= 02+ 7804y =0 16)

3

Nonuniform Rayleigh Beams

For Rayleigh beams the effect of rotatory inertia is consid-
ered and that of shear deformation is neglected. By letting
G — o and § = 0in Eq. (8) and dividing them by a factor g, in
terms of the angle of rotation due to bending, the governing
characteristic differential equation is obtained:

2
&% {s% [dgg'i < d:,) T (VnQZ\I')B —¥=0 (7

The governing characteristic differential equation can also
be expressed in terms of the dimensionless flexural displace-
ment and derived from Eq. (17).

Expanding Eq. (17), one has

d 1 d? dv¥
[& <E )] [a? < ds) M ‘”"“""’]

1 d | d dv a 2 W=
+(§§) dE [dsz < dz) rTRdE W)] ¥=0 a9
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Upon substituting Eq. (7) into the second term, letting
¥ = dy/d¢ for the other terms in Eq. (18), and then dividing
by d[1/(s2%)1/d&, one obtains

@ [ &\ d dy
d_fz <I’ES~2') +a—g {(V'I]QZ) d_S:I —Ssz =0 (19)

It should be mentioned here that Eq. (19) can also be obtained
directly from Eq. (7) by letting ¥ = dy /d¢.

Nonuniform Bernoulli-Euler Beams

For Bernoulli-Euler beams both shear deformation and ro-
tatory inertia are neglected. By letting vy = 0 in Eqgs. (17) and
(19), the governing differential equation becomes

d 1 d2 dv
&[?E(E)]” @
or
a2 d?
pre < d-g{) ~s@ =0 e

The associated boundary conditions for the uniform Timo-
shenko beam and nonuniform Rayleigh and Bernoulli-Euler
beams can be obtained from Eqgs. (3-6) or (9-12) by perform-
ing suitable limit procedures.

Frequency Equation

If the four linearly independent fundamental solutions
Vi(®),Jj = 1,2, 3, 4, of the corresponding governing charac-
teristic differential equation are chosen such that they satisfy
the following normalization conditions at the origin of the
coordinate system:

VO V0 V0 Va0
Vi@ V30 VO Vi)
Vi@ VO Vi® Vi)
Vi@ Vi VIO Vi@

(22)

(= R =
O O = O
S = O O
-0 O O

where primes indicate differentiation with respect to the di-
mensionless spatial variable £, then after substituting the ho-
mogeneous solution (which is a linear combination of the
fundamental solution of the characteristic differential equa-
tion into the associated boundary conditions), one obtains the
frequency equation of the system:

=0 23)

The frequency equations in the angle of rotation due to
bending for the Timoshenko beam with general elastically
restraints at one end and three limiting cases of the general
system are tabulated in Appendix A.

The frequency equations in the dimensionless flexural dis-
placement for the Rayleigh beam with general elastic re-
straints at one end and three limiting cases are tabulated in
Appendix B.

Normalized Fundamental Solutions

In the previous sections the governing characteristic differ-
ential equations of motion for the Timoshenko, Rayleigh, and
Bernoulli-Euler beams were derived in the form of a fourth-
order differential equation with variable coefficients. The cor-
responding frequency equation is expressed in terms of the four
normalized fundamental solutions of the associated differen-
tial equation. However, in general, the closed-form funda-
mental solutions of a fourth-order differential equation with
variable coefficients are not available. However, if the coeffi-
cients of the equation, which involve the material properties
and/or geometric parameters, can be expressed in polynomial
form, then a power series representation of the fundamental
solutions can be constructed by the method of Frobenius.

Upon expanding the governing characteristic differential
equations of motion for the Timoshenko, Rayleigh, and
Bernoulli-Euler beams, they will take the following form:

d*v() d*V($) d2v(§)
pa(&) a5 + p3(§) a5 + pa(§) ag?
dv
+pi(§) df) +poE)V(E)=0 £, 1 24)

where V may represent either the angle of rotation due to
bending or the dimensionless flexural displacement. If the
coefficients of the differential equation (24) are given in the
following polynomial form,

Ny 73 3
Ps= Eajéj, p3= Ebjﬁj, pr= Ecjfj
/=0 j=o0 j=0

y g
p=Ndit,  po= Lets, 5)
j=0 j=0

where ny, f =0, 1, 2, 3, 4, are integers representing the num-
ber of terms in the series, then one can assume that the four
fundamental solutions of Eq. (24) are in the form of

Vi= Yk, i=1,2,3,4 (26)
j=0
and

For Vi§): kio=1, kii=k2=k,;=0

For V£): ko =1, kyo=ky2=ky3=0
27
For V3(E)' k3,2 = 1/2, k3,() = k3,1 = k3,3 =0

For Vi€): ka3 =1/6, Kkso=rks1=ksr=0

These four fundamental solutions satisfy the normalization
condition (22). Upon substituting Eq. (26) into Eq. (24) and
collecting the coefficients of like powers of &, the following
recurrence formula can be obtained:

-1 2
Eejki,z—j

Kizia= @+ +3Nz+2)z+Dag | joo

2

2
+ E(z —-Jj+ l)djk,',z..j+1+ E(Z —J+2)z—-j+ l)cjki,z—j+2
j=o j=0

Z
+ 2@ -+~ +2DE—j+ Dbk s

Jj=0

+ L@~ +Ne -+ D& )+ l)a,-k,;z_,»u]

Jj=1

i=1,2,3,4, z=0,1,2,3,... 28)

With this recurrence formula, one can generate the four
exact normalized fundamental solutions of the differential
equation (24). Consequently, upon substituting these funda-
mental solutions into the associated frequency equation, the
natural frequencies of the beams are obtained.

Verification and Examples

The following examples are given to illustrate the validity
and accuracy of the analysis.

Example 1: Table 1 shows the first four dimensionless natu-
ral frequencies of a Timoshenko beam with constant width
and linearly varying thickness, clamped at one end and carry-
ing a concentrated mass at the other end. The material proper-
ties of the beam are assumed to be constants. Consequently,
g=s=(+A)and r =v = (1 + A\§)}, where \ is the taper
ratio of the beam. Here, the rotatory inertia of the tip mass is
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neglected and u = M/M,, where M, is the total mass of the
beam. The results obtained by the present analysis are com-
pared with those given by Rossi et al.,® who evaluated the
frequencies by the finite element method. It can be observed
that the difference between both the convergent solutions and
those given by Rossi et al.b are less than 0.6%.

Example 2: Table 2 shows the first five dimensionless natu-
ral frequencies of nonuniform beams with tip mass at the right

four normalized fundamental solutions are exact and are given
as

V]=

ey (2 cosh €€ + €2 cos {§)

2

1 g e .
szm —smhe£+?sm§‘2

€

end are shown. Both the width and the depth of the beams 29
vary linearly with the same taper ratio N\. The material proper- V3 =—5— (cosh e — cos {£)
ties of the beam are assumed to be constants. Consequently, e+
g =s5s=(1+X£)? and r =v =(1 + A£)*. The natural frequencies { i |
are evaluated via Timoshenko, Rayleigh, and Bernoulli-Euler V= —— <_ sinh e£ — - sin §‘£>
; . 2. 2
beam theories. It can be observed that the natural frequencies €+ {* \e I'e
of the Rayleigh and the Bernoulli-Euler beams determined by
employing the frequency equation expressed in terms of the where
angle of rotation due to bending, given in Appendix A, are the ———
same as those determined by employing the frequency equa- €= /__A_Jr_i;d'g
tion expressed in terms of the flexural displacement, given in 2 (30)

Appendix B. A comparison of the natural frequencies of the
Bernoulli-Euler beams with those given by Lau® shows that the
results are very consistent.

Example 3: For clamped-free uniform Timoshenko beams,
the governing differential equation is Eq. (13). The associated

Table 1 First four dimensionless frequencies of a cantilever
nonuniform Timoshenko beam with attached mass at the right

A +VA%-4B
(=
where 4 = Q*(p + 8) and B = — Q> + 76Q%.

Upon substituting the four fundamental solutions (29) into
the corresponding frequency equation listed in Appendix A,
one obtains

=5=(01-0. =y =01-0.2¢)3 Qn+6) . .
end of the beam lg =5 =(1-020,r=v=A-0281 2+ [0 — 8+ 2lcosh ¢ cos § — —A XD o ¢ sin =0
Na (1 — 760%)"
1 " Q 15 20 25 30 35 40 #b GD
0.0016 0.2 @ 259 2.59 2.59 The frequency equation is exactly the same as the one given by

Q 15.68 15.67 15.67 15.67
Q3 34.97 41.30 41.53 41.53 41.56
Q4 63.76 62.48 72.84 75.63 75.66 75.66 75.84

0.6 @ 1.85 1.85 1.85
QD 1444 14.44 14.43
Q3 34.08 39.87 40.07 40.07 40.10
Q4 63.57 62.07 71.83 74.22 74.24 74.24 74.37

0.01 0.2 @ 2.46 2.46 2.46

Huang.*

Conclusion

In this paper the exact solution for the free vibrations of a
symmetric nonuniform Timoshenko beam with tip mass at
one end and elastically restrained at the other end of the beam
are derived. The two coupled governing characteristic differ-
ential equations are reduced into one complete fourth-order

0 1227 1227 12.27 ordinary differential equation with variable coefficients in the
33 %g ;g igzz 51(7)2 42147”7;; 44.89 357175 angle of rotation due to bending. The frequency equation is
4 ’ : : : ’ : derived in terms of the four normalized fundamental solutions

0.6 Q .77 1.77 1.77

of the differential equation. It is shown that, if the coefficients

Q2 11.42 11.42 11.42 of the reduced differential equation are in polynomial form,
Q3 25.10 26.81 26.79 26.79 26.84 then the exact fundamental solutions can be obtained.
4 30.20 36.25 43.37 44.12 44.12 44.39 In the present analysis only the free vibration of the system

3Number of terms of power series taken.
By Rossi et al.®

is studied. It is of interest to extend the present study to the
problems of forced vibrations.

Table 2 First five dimensionless frequencies of a nonuniform cantilever beam with
attached mass at the right end of the beam [¢g =5 = (1-0.1 )2, r = v = (1-0.1 £)4]

Timoshenko Rayleigh Bernoulli-Euler
7 = 0.0008 7 = 0.0008 n=0
a=y 8 = 0.0025 6=0 5=0
a a b a b c
0.0 Q% 1.9095 1.9150 1.9150 1.9167 1.9167 1.9167
0% 4.5359 4.6162 4.6162 4.6422 4.6422 4.6422
IRG 7.3093 7.5917 7.5917 7.6934 7.6934 7.6934
g 9.8552 10.486 10.486 10.742 10.742 10.742
Q4 12,187 13.288 13.288 13.797 13.797 13.797
0.2 o 1.2906 1.2910 1.2910 1.2912 1.2912 1.2912
Q" 2.2670 2.2813 2.2813 2.2820 2.2820 2.2820
0, 4.9001 5.0216 5.0216 5.0375 5.0375 5.0375
Q% 7.5166 7.9011 7.9011 7.9745 7.9745 7.9745
Q% 9.9660 10.770 10.770 10.969 10.969 10.969

3Determined from the frequency equation in the angle of rotation due to bending.
bDetermined from the frequency equation in the dimensionless flexural displacement.
By Lau.®
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Appendix A

Table Al displays the frequency equation of nonuniform
Timoshenko beams in the angle of rotation due to bending.

Table A1 Frequency equation of nonuniform Timoshenko beams

Appendix B

Table Bl displays the frequency equation of nonuniform
Rayleigh beams in the dimensionless flexural displacement.

Table Bl Frequency equation of nonuniform Rayleigh beams

Case Kr Ky Frequency equation, = =0

Case Kr Ky Frequency equation, = =0

m = —(g1F3H + gaF1H3 + goF \Hy
~ gaF3Hy — goFyHy — g1F\H3)
+ g5(g1F3H2 + gaF4H3 + gaFaHy
— g3F3Hy — g2FyHy — g1FoH3)
where
g1=8r, g=2r'(0)8r+Q
g3 = Brlr"(0) + 402 + r’ (0)2?
g1=v ' (0)BryQ? + n*
&= —Ps 8= —af/r(1)
gr=r(lyy, gs=2r'(I)y+r(l)s(1)
g =vlr" (1) + v(Im@ + r’'(Hs(1)
gro= v’ ()y + s(1w(1)]
E=Vj(1)+ gV;(1)
Hj =g:V7 (1) + gV} (1) +goVj(1) + g1o¥;(1)
ji=1,2,3,4

1 Const  Const

w: same as that of Case 1
2 © Const where

ga1=1, g=2r'(0),

ga= v’ (0Q2

Other parameters: same as those of case 1

g3=r"(0)+ 72

7= g1F3Hy + g3FaHs + goFoHy

3 Const o — g3F3Hy — g2FaHy — g\FoHj3
All of the parameters: same as those of case 1
«: same as that of Case 3

4 [ @ where
gi=1, 2=2'0), g=r"Q)+P
ga=v (O

Other parameters: same as those of case 1
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